Just as the Jacobi identity of vector fields is a natural consequence of the general Jacobi identity of microcubes in synthetic differential geometry, it is to be shown in this paper that the graded Jacobi identity of the Frölicher-Nijenhuis bracket is also a natural consequence of the general Jacobi identity of microcubes.
Introduction
It has long been known that the totality of vector fields on a well-behaved space forms a Lie algebra. Since vector fields and their corresponding derivations can not be identified in synthetic differential geometry, it is by no means direct to establish this fact synthetically. It was Nishimura [9] that noted, behind the Jacobi identity of vector fields, what is to be called the general Jacobi identity of microcubes.
The Frölicher-Nijenhuis bracket, discussed in [1] and [8] , is a natural extension of the Lie bracket of vector fields to tangent-vector-valued differential forms. The principal objective in this paper is to derive the graded Jacobi identity for the Frölicher-Nijenhuis bracket from the general Jacobi identity synthetically. The interior derivation and the Lie derivation are discussed in passing.
Preliminaries
We assume that the reader is familiar with Lavendhomme's textbook [3] on synthetic differential geometry up to Chapter 5. We denote by D the subset of R (the extended set of real numbers satisfying the Kock-Lawvere axiom) consisting of elements d of R with d 2 = 0. Given a function F : D → E of D into a Euclidean space E, we write DF for the entity of E characterized by
Given a microlinear space M , we denote M D by TM . The notion of strong difference · − was introduced by Kock and Lavendhomme [2] into synthetic differential geometry. The following proposition belongs to the folklore. 
The theorem was established by Nishimura [9] and has been reproved twice by himself in [10] and [11] .
We use the notion of linear connection in the sense of Definition 1 in § §5.1 of Lavendhomme [3] . Given a linear connection ∇ on a microlinear space M and a linear connection ∇ ′ on a microlinear space N with a function f : M → N , we say that
for any t 1 , t 2 ∈ TM with t 1 (0) = t 2 (0). We will often write ∇γ for ∇(t 1 , t 2 ), where t 1 = γ(·, 0) and t 2 = γ(0, ·). We write S n for the permutation group of the first n natural numbers, namely, 1, ..., n. Given γ ∈ M D n and σ ∈ S n , we define γ σ ∈ M D n to be
n , we write o n (γ) for γ(0, ..., 0).
Tangent-Vector-Valued Differential Forms
It is well known in synthetic differential geometry that vector fields can be viewed in three different but essentially equivalent ways, namely, as sections of the tangent bundle, as infinitesimal flows and as infinitesimal transformations, for which the reader is referred to §3.2 of Lavendhomme [3] . These three viewpoints can easily be extended to tangent-vector-valued differential forms. Let M be a microlinear space. The first orthodox viewpoint is to regard tangent-
and satisfying the p-homogeneity and the alternating property in the sense of Definition 1 in §4.1 of Lavendhomme [3] . The second viewpoint goes as follows.
Proof. This follows from the set-theoretical identity
The details can safely be left to the reader.
and σ, τ ∈ S p , it is easy to see that
The third viewpoint goes as follows.
satisfying the following conditions:
any α ∈ R and any natural number i with
The details can safely be left to the reader. We will use the above three viewpoints on tangent-vector-valued differential forms interchangeably, though we prefer the last one to the preceding two. The following lemma, which will be used in the next section, should be obvious.
Lemma 5 For any mappings
for any σ ∈ S p . Similar formulas hold for
We will write Ω k (M ; TM ) for the totality of tangent-vector-valued differen-
for any d ∈ D and any γ ∈ M D . If we drop the condition of the alternating property while keeping the khomogeneity in the definition of a tangent-vector-valued differential k-form on M , we get the notion of a tangent-vector-valued differential k-semiform on M . We denote by Ω k (M ; TM ) the totality of tangent-vector-valued differential k-
, where ε σ is the sign of σ. We write A p,q K and A p,q,r K for (1/p!q!)AK and (1/p!q!r!)AK respectively.
Interior Derivations
Obviously we have to verify that
We have
Proof. Let e be an arbitrary element of D with α ∈ R. For 1
while the case of k + 2 ≤ i ≤ k + l can safely be left to the reader.
which completes the proof.
The Frölicher-Nijenhuis Bracket
.., e q ))} for any γ ∈ M D p+q . Given two tangent-vector-valued differential forms K :
The following lemma should be obvious.
Lemma 8 Given two tangent-vector-valued differential forms
We continue to use the notation of the above lemma for a while. We denote by K * L the mapping (
. We are thus entitled by the above lemma to define ⌊K,
satisfies the following conditions:
Proof. The first condition should be obvious. To see the second condition, we note that
for any natural number i with 1 ≤ i ≤ p.
α·
for any natural number i with p + 1 ≤ i ≤ p + q.
Therefore the second condition follows by Proposition 5 in §3.4 of Lavendhomme [3] from the first property in case of 1 ≤ i ≤ p and from the second property in case of p + 1 ≤ i ≤ p + q.
Lemma 10 Given three tangent-vector-valued differential forms
, we have
Proof. By the same token as in the familiar associativity of wedge products in differential forms.
We are going to define the Frölicher-Nijenhuis bracket ⌈K, L⌉ to be
which is undoubtedly a tangent-vector-valued differential (p + q)-form.
Theorem 11 The following two properties hold for the Frölicher-Nijenhuis bracket:
1. We have ⌈K, L⌉ = −(−1) pq ⌈L, K⌉
for any two tangent-vector-valued differential forms
K : D → M M D p and L : D → M M D q .
We have
for any three tangent-vector-valued differential forms
Proof. In order to see the first property, it suffices to note that
from which it follows Propositions 4 and 6 in §3.4 of Lavendhomme [3] and Lemma 5 that
Since it is easy to see that ε σ = (−1) pq , the desired first property follows at once. In order to see the second property, we first define six mappings ϕ 123 , ϕ 132 , ϕ 213 , ϕ 231 , ϕ 312 , ϕ 321 :
to be
where
Now we have
Let ρ 1 ∈ S p+q+r be σ 231 , for which we have ε ρ1 = (−1)
be mapping
which implies that
Let ρ 2 ∈ S p+q+r be σ 312 , for which we have ε ρ2 = (−1) r(p+q) . Let ϕ 
be mappings
Therefore we have 
Lemma 12 If tangent-vector-valued differential forms
Proof. For the first identity, we have
The second formula can be established by the same token.
Proposition 13 Under the same assumption and notation as in the above lemma, ⌈K ′ , L ′ ⌉ is f -related to ⌈K, L⌉.
Proof. It suffices to show that ⌊K ′ , L ′ ⌋ is f -related to ⌊K, L⌋, which follows from the following calculation:
6 Lie Derivations
Indeed we have to verify that Lemma 15 We have
for any α ∈ R and any natural number i with 1 ≤ i ≤ k + l.
Proof. By the same token as in the proof of Lemma 9. 
Proof. By Propositions 3 and 7 in § §5.2 of Lavendhomme [3] .
Proposition 17 Continuing with the above notation and assuming that the linear connection ∇ is symmetric, we have
Proof. It suffices to show that Lemma 18 Let K ′ ∈ Ω k (N ; TN ) and L ′ ∈ Ω l (N ; TN ) be f -related to K ∈ Ω k (M ; TM ) and L ∈ Ω l (M ; TM ) respectively. Then we have
Proof. By the same token as in the proof of Lemma 12.
Proposition 19 Under the same assumption and notation as in the above
Proof. By the same token as in the proof of Proposition 13.
